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A large set of disjoint S(*; t, k, v) designs, denoted by LS(*; t, k, v), is a partition
of k-subsets of a v-set into S(*; t, k, v) designs. In this paper, we develop some
recursive methods to construct large sets of t-designs. As an application, we
construct infinite families of large sets of t-designs for all t. In particular, we show
that if v=2t&3m&2, k=2t&3&1, and t, m2, then a LS(( v&tk&t)2; t, k, v) exists.
 1996 Academic Press, Inc.
1. INTRODUCTION
Let v, k, t, and * be four positive integers such that vkt>0. We
denote the set of i-subsets of a set X by Pi (X).
A t-design S(*; t, k, v) is a pair (X, B) in which X is a finite set with
cardinality v and B is a collection of elements of Pk(X) such that every
element of Pt(X) appears exactly * times in B.
A large set of disjoint S(*; t, k, v) designs, denoted by LS(*; t, k, v), is a
partition of the k-subsets of a v-set into S(*; t, k, v) designs. Obviously,
if a LS(*; t, k, v) exists, then *=( v&tk&t)n for some n. For the sake of
simplicity, we write LS(1n; t, k, v) instead of LS(( v&tk&t)n; t, k, v).
A well known necessary condition for the existence of a LS(1n; t, k, v)
is that n|( v&ik&i) for i=0, ..., t. It is well known that in each of the following
cases these conditions are also sufficient: (i) t=1, [2] (ii) t=2, k=3 and
v{7, [3,7-11,13-15] (iii) t=2, k15 and n=2, [1, 4] (iv) t=3, k=4 and
v#0 (mod 3), [13] (v) t=6, k=7 and n=2, [5, 6, 12] (vi) v=nl(t)+t
and k=t+1 in which l(t) is defined recursively by l(i)=l(i&1)
l.c.m.[1, ..., i+1] l.c.m.[( ij)| j=1, ..., i], l(0)=1 [12]. For t>6, designs of
the last class together with their derived and residual designs are the only
known designs.
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In this paper, we develop some recursive methods to construct large sets
of t-designs. As an application, we show that if v=2t&3m&2, k=2t&3&1,
and m2, then a LS(( v&tk&t)2; t, k, v) exists.
2. BACKGROUND
Let X1 and X2 be two finite sets and k1 and k2 be two positive integers.
Then for B1 Pk1(X1) and B2 Pk2(X2), and X1 & X2=<, we define
B1 V B2=[A1 _ A2 |A1 # B1 6 A2 # B2].
Clearly B1 V B2 Pk1+k2(X1 _ X2).
Let BPk(X), For each T # Pt(X) the number of occurences of T in the
blocks of B will be denoted by n(T; B). Clearly n(T; B)=0 whenever t>k.
Let X be a finite set, and let k and t be two positive integers such that
t<k. Two subsets A and B of Pk(X) are said to be t-wise equivalent if the
number of the occurences of each T # Pt(X) in A and B are the same. In
particular, A and B are 0-wise equivalent if and only if |A|=|B|. A subset
of Pk(X) is called (n, t)-partitionable if it has a partition into n disjoint
t-wise equivalent subsets. The following lemmas are proved in [1].
Lemma 2.1. (i) If 0it, then t-wise equivalence implies i-wise
equivalence, and (ii) a disjoint union of (n, t)-partitionable sets is (n, t)-
partitionable.
Lemma 2.2. Let X1 and X2 be two disjoint sets, and let t1 , t2 , k1 , and k2
be four positive integers such that 0t1k1 and 0t2k2 . For i=1, 2, let
Bi Pki (Xi), and suppose that B1 is (n, t1)-partitionable. Then
(i) B1 V B2 is (n, t1)-partitionable,
(ii) if B2 is (n, t2)-partitionable, then B1 V B2 is (n, t1+t2+1)-
partitionable.
Lemma 2.3. If a LS(1n; t, k, v) and a LS(1n; t, k+1, v) exist, then a
LS(1n; t, k+1, v+1) also exists.
3. MAIN RESULTS
Throughout this section, we assume p is a prime, u, k and n are positive
integers such that npk<(n+1) p and u>n. Let X=[1, ..., up] and
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Ai=[(i&1) p+1, ..., ip] for 1iu. Let Y=[A1 , ..., Au] and order Y
by
Ai<Aj if and only if i<j
We define a function , from the power set of Y into the power set of X by
,(B)= .
Ai # B
Ai , for B/Y.
The following lemma is immediate.
Lemma 3.1. If B1 and B2 are j-wise equivalent subsets of Pm(Y), then
,(B1) and ,(B2) are j-wise equivalent subsets of Pmp(X).
Let l, m, a1 , ..., al be nonnegative integers such that l1, 1ai<p
(1il ) and k=mp+li=1 ai . Let B # Pk(X) and T=[C1 , ..., Cl] #
Pl (Y), C1< } } } <Cl . Define
Supp(B)=[Ai | Ai & B{<],
f (B)=[Ai | Ai /B],
g(B)=Supp(B)" f (B),
1(T, a1 , ..., al)=[B/X | |B & Ci |=ai 6 g(B)=Supp(B)=T],
Fm(T, a1 , ..., al)=[B # Pk(X) | |B & Ci |=ai 6 g(B)=T],
and let
P={Fm(T, a1 , ..., al) | l1, T # Pl (Y), 1ai<p, 6 :
l
i=1
ai=k&mp= .
Clearly, we have
. [A | A # P]=[B # Pk(X) | g(B){<].
Therefore we have the following lemma.
Lemma 3.2. (i) If k{np, then P is partition of Pk(X), and (ii) if k=np,
then P is a partition of Pk(X)",(Pn(Y)).
Lemma 3.3. If T # Pl (Y), and 1ai<p (1il ), then 1(T, a1 , ..., al)
is ( p, l&1) partitionable.
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Proof. Let T=[C1 , ..., Cl] with C1<. . .Cl . Then
1(T, a1 , ..., al)=1(T"[Cl], a1 , ..., al&1) V Pal (Cl).
Since p is prime, p | ( pal), and so Pal (Cl) is ( p, 0)-partitionable. Now, the
assertion follows by induction on l.
Lemma 3.4. If T # Pl (Y), and 1ai<p (1il ), then
(i) Fm(T, a1 , ..., al) is ( p, l&1) partitionable,
(ii) if a LS(1p;s, m, u&l ) exists, then Fm(T, a1 , ..., al) is ( p, s+l )-
partitionable.
Proof. It is easy to check that
Fm(T, a1 , ..., al)=,(Pm(Y"T )) V 1(T, a1 , ..., al).
Now, the assertion is an immediate consequence of Lemmas 2.1, 3.1,
and 3.3.
Lemma 3.5. If a LS(1p; t1 , k1 , v1) exists, then for 0it1 and
j # [k1&i, ..., k1], a LS(1p; t1&i, j, v1&i) exist.
Proof. Let [(X, Bl)|1lp] be a LS(1p; t1 , k1 , v1), and let Y1 and
Y2 be two subsets of X such that Y1 & Y2=<, |Y1 |=k1&j, and |Y2 |=
i+j&k1 , and define
B$l=[B"Y1 | Y2 & B=< 6 Y1 /B # Bl].
Then [(X"(Y1 _ Y2), B$l) | 1lp] is a LS(1p; t1&i, j, v1&i). K
Theorem 1. If a LS(1p; t, n, u) exists, then a LS(1p; t, pn, pu) also
exists.
Proof. Let k=np and Fm(T, a1 , ..., al) # P. If lt, then (n&m) p=
li=1 ai<lp, so mn&l. Therefore, by Lemmas 3.4, and 3.5
Fm(T, a1 , ..., al) is ( p, t)-partitionable. By the assumption and Lemma 3.1
,(Pn(Y)) is also ( p, t)-partitionable. Now, the assertion follows by Lemmas
2.1, 3.2 and 3.3.
Theorem 2. If a LS(1p; t, n, u&1) exists and np<k<(n+1) p, then a
LS(1p; t+1, k, pu) also exist.
Proof. Let Fm(T, a1 , ..., al) # P. If lt+1, then (n&m) p=li=1 ai
<lp, so m>n&l. Therefore, by Lemmas 3.4, and 3.5 Fm(T, a1 , ..., al) is
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( p, t+1)-partitionable. Now, the assertion follows from Lemmas 2.1, 3.2,
and 3.3.
Theorem 3. If a LS(1p; t, n, u&1) exists and 1j<i<p&1, then a
LS(1p; t+1, np+i, pu+j) also exists.
Proof. The assertion is an immediate consequence of Lemma 2.3 and
Theorem 2. K
Now we apply Theorem 2 to find some infinite families of large sets of
t-designs for all t.
Theorem 4. If t6 and m2, then a LS(12; t, 2t&3&1, m2t&3&2)
exists.
Proof. It is well known that if m2, then a LS(12;6, 7, 8m&2) exists
[5, 6, 12]. Now, the result follows by induction on t (and applying
Theorem 2).
Theorem 5. Let p be any odd prime, and l, t, m, a1 , ..., at&1 be positive
integers such that t, l, m1 and 1ai<p. Then a LS(1p; t, ti=1 aip
t&i
+mpt, (l&1) pt+1+ti=1 p
i) exists.
Proof. Trivially for 1m<p a LS(1p; 0, m, lp) exists. Now, the asser-
tion follows by induction on t.
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